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Abstrat
A two-parameter neutrino mass formula is desribed, giving a moderately hierarhial
spetrum m1 < m2 < m3 onsistent with the experimental estimates of ∆m
2
21 and ∆m
2
32.
The formula follows from a three-parameter empirial neutrino mass formula through
imposing a parameter onstraint and leads to a very simple neutrino mass sum rule
m3 = 18m2−48m1. Some alternative parameter onstraints, used tentatively to eliminate
one of three parameters, are ompared.
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This is a sequel of the paper hep-ph/0609187.
Reently, we have disussed some parameter onstraints [1℄ in an empirial mass for-
mula [2℄ for three ative mass neutrinos ν1, ν2, ν3 related to three ative avor neutrinos
νe, νµ, ντ through the unitary mixing transformation να =
∑
i Uαiνi (α = e, µ, τ and
i = 1, 2, 3). Originally, this neutrino mass formula involves three free parameters µ, ε, ξ
and gets the form:
mi = µ ρi
[
1− 1
ξ
(
N2i +
ε− 1
N2i
)]
(i = 1, 2, 3) , (1)
where
N1 = 1 , N2 = 3 , N3 = 5 , ρ1 =
1
29
, ρ2 =
4
29
, ρ3 =
24
29
(2)
(
∑
i ρi = 1), the latter three numbers having been alled the generation-weighting fa-
tors. Here and in Ref [1℄, µ denotes the produt µξ/ζ previously appearing in Ref. [2℄.
Expliitly, the formula (1) an be rewritten as
m1 =
µ
29
(
1− 1
ξ
ε
)
,
m2 =
µ
29
4
(
1− 1
ξ
80 + ε
9
)
,
m3 =
µ
29
24
(
1− 1
ξ
624 + ε
25
)
. (3)
This is a spei linear transformation of three free parameters µ, µε/ξ, µ/ξ into three
masses m1, m2, m3, giving no mass preditions, unless the parameters µ, ε, ξ are on-
strained. In fat, in the paper [1℄, four dierent parameter onstraints
ε/ξ = 1 , ε/ξ = 1− 1/ξ , ε/ξ = 0 , 1/ξ = 0 (4)
were tentatively onsidered, reduing the mass formula (1) to four two-parameter forms.
Then, the orresponding neutrino mass spetra were predited, when the input of exper-
imental estimates for ∆m221 and ∆m
2
32 was used. In general, the transformation inverse
to (3)
1
µ = −29 125
4608
[
m3 − 6
125
(351m2 − 136m1)
]
,
ε = 10
m3 − 6125(351m2 − 904m1)
m3 − 625(27m2 − 8m1)
,
ξ = 10
m3 − 6125(351m2 − 136m1)
m3 − 625(27m2 − 8m1)
(5)
enables us to determine the parameters µ, ε, ξ, if the masses m1, m2, m3 are known.
In the present note, we disuss still another parameter onstraint
ε = 1 (or ε/ξ = 1/ξ) , (6)
while in the rst part of this paper, hep-ph/0609187, the parameter onstraint ε = 0
(or ε/ξ = 0) was onsidered. Then, the neutrino mass formula (1) is redued to the
two-parameter form
mi = µρi
(
1− 1
ξ
N2i
)
(i = 1, 2, 3) (7)
or, expliitly,
m1 =
µ
29
(
1− 1
ξ
)
,
m2 =
µ
29
4
(
1− 91
ξ
)
,
m3 =
µ
29
24
(
1− 251
ξ
)
. (8)
It is easy to see that in the ase of Eqs. (7) or (8) the following very simple mass sum
rule holds:
m3 = 6(3m2 − 8m1) , (9)
while with the parameter onstraint ε = 0 (or ε/ξ = 0) a dierent mass sum rule m3 =
(6/125)(351m2 − 904m1) worked. In addition, we get here the relations
1
ξ
=
m2 − 4m1
m2 − 36m1 , µ = 29
m1
1− 1/ξ = −29
m2 − 36m1
32
(10)
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as a onsequene of the general inverse transformation (5) and the mass sum rule (9).
Making use of the mass sum rule (9), m3 = 18m2 − 48m1, and the identity
m23 ≡ ∆m232 +m22 ≡ λ∆m221 +m22 ≡ (λ+ 1)m22 − λm21 , (11)
where we have
λ ≡ ∆m
2
32
∆m221
∼ 30 (12)
due to the experimental estimates ∆m221 ∼ 8.0 × 10−5 eV2 and ∆m232 ∼ 2.4 × 10−3 eV2
[3℄, we obtain for the ratio
r ≡ m1
m2
(13)
the quadrati equation
(2304 + λ)r2 − 1728r + 324− λ− 1 = 0 . (14)
Hene, with λ ∼ 30, we get two solutions
r ∼
{
0.263 = 0.26
0.477 = 0.48
. (15)
Using the ratio r, we an evaluate the following neutrino mass spetrum:
m2 ≡
√
∆m221
1− r2 ∼
{
9.27× 10−3 eV = 9.3× 10−3 eV
10.2× 10−3 eV = 10× 10−3 eV , (16)
m1 ≡ rm2 ∼
{
2.44× 10−3 eV = 2.4× 10−3 eV
4.86× 10−3 eV = 4.9× 10−3 eV , (17)
m3 = 18m2 − 48m1 ∼
{
4.99× 10−2 eV = 5.0× 10−2 eV
−5.00× 10−2 eV = −5.0× 10−2 eV . (18)
Here, the seond solution (15) for r an be rejeted, as in this ase the masses have
dierent signs (what we exlude). Thus, the predited neutrino mass spetrum is:
m1 ∼ 2.4× 10−3 eV , m2 ∼ 9.3× 10−3 eV , m3 ∼ 5.0× 10−2 eV , (19)
when ∆m221 ∼ 8.0× 10−5 eV2 and ∆m232 ∼ 2.4× 10−3 eV2 are the input. Then, from Eqs.
(10) we alulate the parameters
3
1ξ
∼ 6.1× 10−3 , µ ∼ 7.1× 10−2 eV . (20)
This result, valid for the parameter onstraint ε = 1 (or ε/ξ = 1/ξ), an be ompared
in the following table with our previous results [1℄ obtained for the alternative parameter
onstraints (4):
ε/ξ 1/ξ (10−3) µ (10−2 eV) m1 (10−3 eV) m2 (10−3 eV) m3 (10−2 eV)
1 8.1 7.9 0 8.9 5.0
1− 1/ξ 8.1 7.9 0.022 8.9 5.0
1/ξ 6.1 7.1 2.4 9.3 5.0
0 6.1 7.1 2.5 9.3 5.0
-8.8 0 4.5 15 12 5.1
Here, |∆m221| ∼ 8.0×10−5 eV2 and ∆m232 ∼ 2.4×10−3 eV2 are used as the input. We an
see that the results for ε = 0 (or ε/ξ = 0) and ε = 1 (or ε/ξ = 1/ξ) are similar, sine in
both ases 1/ξ is very small (but it is nonzero, as for 1/ξ → 0 we get ε/ξ → −8.8, when
|∆m221| ∼ 8.0× 10−5 eV2 and ∆m232 ∼ 2.4× 10−3 eV2 are the input).
Mass onstraints may sometimes be tried in plae of the parameter onstraints. For
instane, following a reent onjeture [4℄, the mass ratio r ≡ m1/m2 may be related to
the so-alled golden ratio ϕ ≡ (1/2)(1 + √5) = 1.618034 (ϕ = 1 + 1/ϕ) through the
formula r = 1/ϕ2. Then,
m1 ∼ 3.7× 10−3 eV , m2 ∼ 9.7× 10−3 eV , m3 ∼ 5.0× 10−2 eV , (21)
when the experimental input of ∆m221 ∼ 8.0 × 10−5 eV2 and ∆m232 ∼ 2.4 × 10−3 eV2 is
applied. Hene, due to Eqs. (5),
µ ∼ 7.0× 10−2 eV , ε
ξ
∼ −0.53 , 1
ξ
∼ 6.4× 10−3 . (22)
Through Eqs. (3) the partiular mass onstraint m1/m2 = 1/ϕ
2
is equivalent to the
following parameter onstraint:
9
4
1− ε/ξ
9− 80/ξ − ε/ξ =
m1
m2
=
(
2
1 +
√
5
)2
= 0.381966 (23)
or
4
1ξ
= 0.0388678 + 0.0611322
ε
ξ
, (24)
where ε/ξ and 1/ξ are estimated by the experiment only up to two deimals (Eq. (22).
Note nally that our original neutrino mass formula (1) onsists of three ontributions
µ ρi , −µ ρi1
ξ
N2i , −µ ρi
1
ξ
ε− 1
N2i
(i = 1, 2, 3) , (25)
dependent in three dierent ways on the numbers N2i = 1, 9, 25. The parameter on-
straint ε = 1 (or ε/ξ = 1/ξ), disussed in this note, eliminates the third ontribution,
while the parameter onstraint ε = 0 (or ε/ξ = 0), onsidered in the rst part of this
paper, hep-ph/0609187, eliminated the sum of the seond and third ontributions for the
lowest generation i = 1. The reader may onsult Ref. [5℄ for a possible "intrinsi inter-
pretation" of three ontributions (25). It is a onsistent interpretation based on the idea
of algebraially omposite fundamental fermions satisfying a generalized Dira equation
(in suh an interpretation, N1 = 1, N2 = 3, N3 = 5 are the numbers of spin-1/2 alge-
brai partons involved "within" the fundamental fermions, leptons and quarks, of three
generations i = 1, 2, 3).
Conluding, in this note a two-parameter neutrino mass formula (7) or (8) is desribed,
giving a moderately hierarhial spetrum m1 < m2 < m3, onsistent with the experi-
mental estimates of ∆m221 and ∆m
2
32 treated here as the input. This mass formula follows
from a three-parameter empirial neutrino mass formula (1) or (3) through imposing a
parameter onstraint ε = 1 (or ε/ξ = 1/ξ) and leads to a very simple mass sum rule
(9). Some alternative parameter onstraints, used tentatively to eliminate one of three
parameters, are ompared (see our table).
* * *
In the seond half of this note, we would like to report briey on another approah
to the problem of neutrino mass parametrization, starting from the struture of neutrino
mass matrix M = (Mαβ) related to its eigenvalues mi : U
†MU = diag(m1, m2, m3). To
this end assume for the neutrino mixing matrix U = (Uα i) the experimentally favored
tribimaximal form [6℄
5
U =


√
2
3
1√
3
0
− 1√
6
1√
3
1√
2
1√
6
− 1√
3
1√
2

 , (26)
leading to the following mass-matrix elements Mαβ =
∑
i Uα imiU
∗
β i:
Me e =
1
3
(2m1 +m2) ,
Mµµ = Mτ τ =
1
6
(m1 + 2m2 + 3m3) ,
Me µ = −Me τ = 1
3
(−m1 +m2) ,
Mµ τ =
1
6
(−m1 − 2m2 + 3m3) (27)
and Mβ α = Mαβ otherwise. Here, the harged-lepton avor representation is hosen,
where the harged-lepton mass matrix is diagonal and so U is at the same time the lepton
mixing matrix (appearing in the harged weak urrent).
In the tribimaximal ase, among nine matrix elements Mαβ there are three indepen-
dent, say, Me e,Me µ,Mµ τ , where Mµµ = Me e+Me µ+Mµ τ . It is onvenient to introdue
here a new parameter χ equal to the ratio Mµ τ/Me µ:
Mµ τ = χMe µ . (28)
Then, from Eq. (28) and the third and fourth Eqs. (27), we obtain a new neutrino mass
sum rule
m3 = ηm2 − (η − 1)m1 , (29)
where
η ≡ 2
3
(χ+ 1) , χ ≡ 3
2
η − 1 . (30)
This sum rule is parametrized by χ (the previous sum rule, Eq. (9), orresponds to the
parameter onstraint (6) and so is parametrially xed). Of ourse, the parameter χ an
be easily evaluated, if the mass spetrum is known. This is the ase, when in the mass
formula (1) or (3) one of our parameter onstraints is aepted (see our table) in order to
eliminate one parameter.
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Now, making use of the mass sum rule (29) and the identity (11), we get for the ratio
r ≡ m1/m2 the quadrati equation
[(η − 1)2 + λ]r2 − 2η(η − 1)r + η2 − λ− 1 = 0 , (31)
where λ ≡ ∆m232/∆m221 ∼ 30 when the experimental estimates ∆m221 ∼ 8.0 × 10−5 eV2
and ∆m232 ∼ 2.4 × 10−3 eV2 are applied as the input. This equation an be fatorized
into the form
(r − 1){[(η − 1)2 + λ)]r − η2 + λ+ 1} = 0 (32)
giving readily two solutions for r in terms of η:
r =
{
1
η2−λ−1
(η−1)2+λ
. (33)
The rst solution r = 1 orresponds to the limiting option of exat neutrino mass
degeneray m1 = m2 = m3 whih is experimentally exluded. The seond solution r 6= 1
is nonnegative, r ≥ 0, only if η2 − 1 ≥ λ, leading then to m1 ≥ 0 (we take m1, m2, m3
as nonnegative and nondegenerate). For this solution, we infer from Eq. (33) that the
parameter η satises the quadrati equation
(1− r)η2 + 2rη − (λ+ 1)(1 + r) = 0 , (34)
implying two solutions for η in terms of r 6= 1:
η =
−r ±√λ(1− r2) + 1
1− r . (35)
Here, λ ∼ 30 when ∆m221 ∼ 8.0 × 10−5 eV2 and ∆m232 ∼ 2.4 × 10−3 eV2 are used as the
input.
In the ase of parameter onstraint ε = 1 (or ε/ξ = 1/ξ) disussed in the present note,
we an put in Eq. (35) r ∼ 0.263 as given in Eq. (15). Then, with λ ∼ 30 the positive
solution to Eq. (34) for η is
η ∼ 6.94 = 6.9 (36)
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giving via Eq. (30) the value
χ ∼ 9.41 = 9.4 (37)
(note thatMe µ andMµ τ are positive ifm1 < m2 < m3 as it holds ertainly for r ∼ 0.263).
In the ase, when our other parameter onstraint ε = ξ (or ε/ξ = 1) is onsidered, we
have m1 = 0 and so r = 0. Then, with λ ∼ 30 the positive solution to Eq. (34) for η
beomes
η =
√
λ+ 1 ∼ 5.57 = 5.6 , (38)
leading through Eq. (30) to the value
χ ∼ 7.35 = 7.4 . (39)
Notie that here χ ∼ 1.06× 4√3.
In a reent paper [7℄ we have onstruted in the three-generation spae of ν1, ν2, ν3 an
osillatory model for the o-diagonal part of neutrino mass matrix M = (Mαβ), where
it has turned out that χ = 4
√
3 = 6.92820 preisely. Then, η = (2/3)(4
√
3 + 1) =
5.28547, implying through Eq. (29) that λ ≡ ∆m232/∆m221 = η2 − 1 = 26.9362 <∼ 30
if m1 = 0 (and so r = 0). In this ase, we predit ∆m
2
32 ∼ 2.2 × 10−3 eV2 when
∆m221 ∼ 8.0 × 10−5 eV2 is applied as the only input, while the popular experimental
estimate is ∆m232 ∼ 2.4 × 10−3 eV2 giving λ ∼ 30. Here, m2 =
√
∆m221 ∼ 8.9 × 10−3 eV
and m3 ≡
√
∆m232 +m
2
2 = m2
√
λ+ 1 ∼ 4.7 × 10−2 eV if m1 = 0. Hene, due to Eqs.
(5), µ ∼ 8.1 × 10−2 eV, ε/ξ = 1 and 1/ξ = 1, 03311× 10−2 if m1 = 0 (the preise value
of 1/ξ follows from m3 = λm2 and the anellation of m2). If m1 > 0 (and so r > 0),
then λ < η2 − 1 = 26.9362 sine η2 − λ − 1 = [(η − 1)2 + λ]r > 0 due to the seond Eq.
(29). Thus, in this ase, the value m1 > 0 has the tendeny of spoiling the approximate
agreement of λ with its experimental estimate λ ∼ 30. Note that for χ = 4√3 the neutrino
mass sum rule (29) is equivalent to the parameter onstraint
1
ξ
= 0.017363− 0.0070452ε
ξ
. (40)
when Eqs. (3) are used. This gives 1/ξ = 1.03311× 10−2 if m1 = 0 (i.e., ε/ξ = 1).
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More generally, if  as in Ref. [7℄  a value of χ is provided by another argument
than our mass formula (1) or (3) jointly with a parameter onstraint (see our table), and
if m1 = 0 (and so r = 0), then λ = η
2 − 1 with η ≡ (2/3)(χ + 1) is implied by the
seond Eq. (33) (following from our new mass sum rule (29)). In this ase, we predit
∆m232 ≡ λ∆m221, where the experimental input of only ∆m221 ∼ 8.0× 10−5 eV2 is applied.
Here, m2 =
√
∆m221 ∼ 8.9 × 10−3 eV and m3 ≡
√
∆m232 +m
2
2 = m2
√
λ+ 1 if m1 = 0.
In order to get λ ∼ 30 in the ase of m1 = 0 one ought to have η =
√
λ+ 1 ∼ 5.6 and
χ = (3/2)η − 1 ∼ 7.4, as in Eqs. (38) and (39) valid for our parameter onstraint ε = ξ
(or ε/ξ = 1). If the mass m1 > 0 (and so the ratio r > 0), then λ < η
2− 1 beause of the
seond Eq. (33) that implies η2 − λ− 1 = [(η − 1)2 + λ]r > 0.
9
Referenes
[1℄ W. Królikowski, hepph/0610248.
[2℄ W. Królikowski, Ata Phys. Polon. B 37, 2601 (2006) [hepph/0602018℄.
[3℄ Cf. e.g. G.L. Fogli, E. Lisi, A. Marrone, A. Palazzo, Progr. Part. Nul. Phys. 57,
742 (2006) [hepph/0506083℄; M.C. Gonzalez-Garia, M. Maltone, arχiv: 0704.1800
[hepph℄.
[4℄ Y. Kajiyama, M. Raidal, A.Strumia, arχiv: 0705.4559 [hepph℄.
[5℄ W. Królikowski, hepph/0604148; and referenes therein.
[6℄ L. Wolfenstein, Phys. Rev. D 18, 958 (1978); P.F. Harrison, D.H. Perkins, W.G. Sott,
Phys. Lett. B 458, 79 (1999); Phys. Lett. B 530, 167 (2002); Z.Z. Xing. Phys. Lett. B
533, 85 (2002); P.F. Harrison, W.G. Sott, Phys. Lett. B 535, 163 (2003); T.D. Lee,
hepph/0605017.
[7℄ W. Królikowski, Ata Phys. Polon. B 37, 2805 (2006) [hepph/0606223℄.
10
